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Abstract. By an integral equation approach to the time-harmonic classical
Maxwell equations, we describe the dispersion in the nonretarded frequency
regime of the edge plasmon-polariton (EPP) on a semi-infinite flat sheet.
The sheet has an arbitrary, physically admissible, tensor valued and spatially
homogeneous conductivity, and serves as a model for a family of two-dimensional
conducting materials. We formulate a system of integral equations for the electric
field tangential to the sheet in a homogeneous and isotropic ambient medium. We
show how this system is simplified via a length scale separation. This view entails
the quasi-electrostatic approximation, by which the tangential electric field is
replaced by the gradient of a scalar potential, ϕ. By the Wiener-Hopf method, we
solve an integral equation for ϕ in some generality. The EPP dispersion relation
comes from the elimination of a divergent limiting Fourier integral for ϕ at the
edge. We connect the existence, or lack thereof, of the EPP dispersion relation to
the index for Wiener-Hopf integral equations, an integer of topological character.
We indicate that the values of this index may express an asymmetry due to the
material anisotropy in the number of wave modes propagating on the sheet away
from the edge with respect to the EPP direction of propagation. We discuss
extensions such as the setting of two semi-infinite, coplanar sheets. Our theory
forms a generalization of the treatment by Volkov and Mikhailov (1988 Sov. Phys.
JETP 67 1639).
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1. Introduction
The last decade has witnessed rapid advances in the fabrication of two-dimensional
(2D) materials such as graphene and van der Waals heterostructures [1–4]. Many
of these materials have remarkable electronic and thermal transport properties, and
exhibit high mechanical flexibility and strength. These attributes enable a wealth of
possibilities for nanoscale applications. In particular, some conducting 2D materials
such as doped graphene can sustain short-scale electromagnetic surface waves, called
surface plasmon-polaritons (SPPs), at terahertz frequencies [5–9]. SPPs are collective
charge excitations of the electron plasma triggered by incident photons, and have
wavelengths well below the diffraction limit which is invaluable in nanophotonics.
The following experimental observations for SPPs deserve attention [10–17]: (i)
SPPs can have wavelengths that are small compared to those of free photons at the
same frequency in the mid-infrared spectrum. (ii) SPPs are waves confined to the 2D
material. (iii) Their existence and dispersion can be controlled by the conductivity of
the 2D material. (iv) The SPPs in the bulk of the 2D material may be accompanied
by other short-scale waves, the edge plasmon-polaritons (EPPs), that propagate along
edges [10, 14–16]. The EPP exhibits features that are distinct from those of the SPP
in the bulk, e.g., a smaller wavelength and confinement near the material edge. Key
properties of these waves are plausibly described via particular solutions of classical
Maxwell’s equations or their approximations; see, e.g., [7, 8, 18–23].
In this paper, we tackle the following question: What is the dispersion relation of
EPPs on semi-infinite flat sheets with straight edges and general, physically admissible
tensor valued yet spatially homogeneous, frequency dependent conductivities? We
solve a boundary value problem for time-harmonic Maxwell’s equations in the
nonretarded frequency regime, when the propagation constant of the EPP is large
in magnitude compared to the wave number in the ambient medium. We formulate
integral equations for the electric field tangential to the sheet, and approximately
simplify this system by scale separation in a systematic manner. We obtain a singular
integral equation for an emerging scalar potential, ϕ. By the Wiener-Hopf method,
we explicitly solve this equation. The dispersion relation comes from the requirement
that ϕ on the plane of the sheet must be bounded and continuous at the edge.
Our contributions with the present work can be described as follows.
– In some generality, we formulate a system of integral equations for the electric field
tangential to the 2D material, in correspondence to a boundary value problem for
Maxwell’s equations. This formalism may account for a tensor valued nonlocal
conductivity of a sheet surrounded by a homogeneous isotropic medium.
– By the separation of two length scales, namely, the wavelength of radiation in free
space and the EPP length scale on the 2D material, we reduce the above system
to an integral equation for a scalar potential, ϕ.
– By the Wiener-Hopf method [22, 24–26], we solve the integral equation for ϕ
exactly in terms of Fourier integrals when the tensor surface conductivity is
spatially homogeneous. The EPP dispersion relation is obtained by elimination
of a divergent limiting Fourier integral for ϕ at the edge [27].
– We connect the existence of the EPP dispersion relation to the index, νK , for
Wiener-Hopf equations [24], which is an integer of topological character.
– We discuss an interpretation of this νK by relating it to the number of wave
modes, including bulk SPPs, that propagate on the sheet away from the edge.
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– By the Mellin transform technique, we derive an asymptotic formula of universal
character for the EPP wave number in the long-wavelength limit.
– We discuss extensions of our formalism, namely, settings with: (i) an isotropic
but nonhomogeneous, in the direction vertical to the sheet, ambient medium, and
(ii) two semi-infinite coplanar conducting sheets that are in contact along a line.
Our work is broadly motivated by experimental designs in the plasmonics of 2D
materials [8]. The technological goal in this direction is to scale down optical devices
towards the nanoscale, which calls for manipulating electromagnetic fields at length
scales below the diffraction limit [6]. An emerging class of 2D materials with in-plane
anisotropies prompts the question about the features of their EPPs [8]. We study an
aspect of this problem by use of classical electromagnetic wave theory. Our work has
been partly inspired by the quasi-electrostatic approach in [28] where, in the context of
an antisymmetric tensor surface conductivity without dissipation, it is found that the
EPP is not always guaranteed to exist, and may enter into the bulk SPP continuum
under some specific conditions. Our goal is to introduce an analytical characterization
of this transition by use of the index for Wiener-Hopf integral equations [24]. Our
results would then establish some general conditions for the existence of the EPP in
2D materials with arbitrary, physically admissible conductivity tensors.
EPPs on 2D conducting materials such as graphene are intimately related to edge
magnetoplasmons. These are highly oscillatory waves that are observed to propagate
along the boundaries of 2D electron plasmas, often in the presence of a transverse
static magnetic field [29–32]. The dispersion relation of the edge magnetoplasmon
propagating along the joint boundary of two semi-infinite, coplanar sheets of electron
plasmas has been derived in the case with antisymmetric tensor conductivities [28].
The analysis in [28] starts with an ad hoc scalar potential, in the quasi-electrostatic
approach, and makes use of the Wiener-Hopf method for the related integral equation.
Here, we generalize the analysis of [28] in a fourfold way. First, we show how
the integral equation for the scalar potential in the nonretarded frequency regime
originates from a two-scale analysis of an integral formalism for Maxwell’s equations.
This description illustrates from a multiscale view the nature of the quasi-electrostatic
approach. Second, we derive the EPP dispersion relation for more general tensor
surface conductivities. Third, we point out universal features of the EPP, by showing
how certain elements of the conductivity tensor enter the long-wavelength limit of the
EPP dispersion relation. Fourth, we connect the existence of this relation to a specific
(zero) value of the index νK for Wiener-Hopf integral equations, a winding number
in a suitably defined complex plane [24]. We indicate that the (zero or nonzero) νK
equals half the difference in the number of wave modes that propagate away from the
edge under the change in the EPP direction of propagation. This number accounts for
both exponentially decaying and growing waves in the direction normal to the sheet,
including bulk SPPs. For a nonzero νK , the EPP dispersion relation ceases to exist.
In regard to edge magnetoplasmons in 2D materials, there is a sequence of related
works that have hydrodynamic ingredients, e.g., [23, 31, 33–39]. In these treatments,
the 2D Euler or Navier-Stokes equations for the electron fluid system, without or
with viscosity, are coupled with the Poisson equation for an electrostatic potential
in the three-dimensional (3D) space. In many, albeit not all, of these works the
exact kernel of the integral equation for the potential is replaced by a simplified
kernel [31,33–36]. This ad hoc approximation is known to be inadequate for capturing
the effect of the long-range Coulomb interaction in the electron system, manifested
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through a logarithmic term in the long-wavelength limit of the phase velocity for the
EPP [23, 37]. In our formalism, we employ a tensor conductivity model for the 2D
system in the spirit of [27, 28], thus avoiding the use of a hydrodynamic model. In
this context, we retain the exact kernel of the electrostatic interaction when we apply
the Wiener-Hopf method [24–26]. Consequently, our result captures the anticipated
logarithmic divergence of the phase velocity at sufficiently long wavelengths [23].
In this paper, we place emphasis on analytical concepts and methods. Numerical
simulations for physical predictions are the main subject of a separate paper [40].
Our model and analysis have some limitations. For example, retardation effects
with a tensor conductivity are neglected. The derivation of error estimates for the
leading-order scale separation lies beyond our present scope. (A derivation of the
EPP dispersion relation with retardation in isotropic and homogeneous 2D materials
can be found in [41].) Effects of nonlocality in the conductivity, e.g., from the viscous
electron flow [23], are not touched upon. We also neglect the effect that the boundary
condition for the electron flow at the edge has on the surface conductivity [23].
The remainder of the paper is organized as follows. In section 2, we generally
formulate a system of integral equations for the electric field tangential to the sheet,
and apply a scale separation that leads to the use of a scalar potential, ϕ. Section 3
addresses the solution of the integral equation for the potential ϕ by the Wiener-Hopf
method for a homogeneous sheet and introduces the related concept of the index. In
section 4, we derive the EPP dispersion relation for zero index via the continuity of
ϕ, and outline a few examples. Section 5 focuses on the long-wavelength asymptotic
expansion of the EPP dispersion relation. In section 6, we provide two extensions in
the spirit of [28]. Section 7 contains a summary and discussion of our results. The
appendices provide technical yet non-essential derivations for results of the main text.
Notation and terminology. R and Z are the sets of real numbers and integers,
respectively, and C is the complex plane. Rew (Imw) denotes the real (imaginary)
part of complex w. Boldface symbols denote vectors or matrices. The Hermitian part
of the matrix M is 12 (M
∗T +M) where the asterisk (∗) and T as superscripts denote
complex conjugation and transposition, respectively. F |Σ means that the function
F (r) is evaluated if the position vector r is in set Σ (Σ ⊂ R3). f = O(g) (f = o(g))
for scalars f and g means that |f/g| is bounded by a nonzero constant (approaches
zero) in a prescribed limit. f ∼ g implies f − g = o(g). In Q±(ξ) the ± subscript
indicates a function that is analytic in the upper (+, Imξ > 0) or lower (−, Imξ < 0)
half ξ-plane (ξ ∈ C). The limit x ↓ 0 (x ↑ 0) indicates that the real x approaches 0 from
positive (negative) values. The term “sheet” has one of the following meanings: either
(i) a material sheet, which has negligible thickness, or (ii) a Riemann sheet, which is
a branch of a multivalued function of a complex variable. The terms “top Riemann
sheet” and “first Riemann sheet” are used interchangeably. The e−iωt time dependence
is employed throughout where the angular frequency ω is positive (ω > 0, i2 = −1).
2. Formulation: System of integral equations and two-scale separation
In this section, we generally formulate a system of integral equations for the electric
field tangential to the plane of a conducting sheet. We apply separation of two length
scales, a ‘fast’ and a ‘slow’ one, to reduce this system to a single integral equation.
The geometry is shown in figure 1. Consider a semi-infinite conducting sheet
Σ that lies in the xy-plane with x > 0. The ambient space is filled with a
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Figure 1. (Color online) Schematic of the geometry. The semi-infinite conducting
sheet Σ lies in the xy-plane, x > 0. The sheet is immersed in a homogeneous and
isotropic medium with dielectric permittivity ε and magnetic permeability µ.
homogeneous and isotropic, possibly lossy, medium of dielectric permittivity ε and
magnetic permeability µ. (See section 6 for extensions of this setting).
At this stage, we assume that the electric surface current density, defined on Σ (at
z = 0 with x > 0), is formally described by a vector-valued linear functional, J [E‖|Σ].
The, in principle ω-dependent, functional J [·] maps a vector field tangential to Σ to
another vector field tangential to Σ, andE‖ is the electric field parallel to the xy-plane.
Thus, ez · J [E‖|Σ] = 0 where e` denotes a unit Cartesian vector (` = x, y, z). For
example, a nonlocal model for the surface current density in a spatially homogeneous
2D material is described by
J [E‖|Σ](r) =
∫∫
Σ
σˇ(r− r′) ·E‖(r′) dr′ (r ∈ Σ), (1)
where σˇ(r) is a matrix-valued conductivity kernel on Σ, viz.,
σˇ(x, y) =
 σˇxx(x, y) σˇxy(x, y) 0σˇyx(x, y) σˇyy(x, y) 0
0 0 0
 on Σ. (2)
For the time being, J [E‖|Σ] and E‖ are viewed as 3-component vectors.
Next, we derive integral equations for E‖|Σ. Let (E,B) be the electromagnetic
field in R3. We use the vector potential, A, where B = ∇×A in the Lorentz gauge.
Suppose (Epr,Bpr) is the primary field, without the sheet (J = 0). By singling out
the scattered field, (Esc,Bsc), and its vector potential, Asc, due to J , we have [42]
Asc(r) = µ
∫∫
Σ
G(r; r′)J (r′) dr′, (3)
where G is the Green function for the Helmholtz equation, viz., (∆ + k20)G(r; r
′) =
−δ(r−r′) in R3, where k0 = ω√εµ, δ(r) is the Dirac mass, and ∆ is the 3D Laplacian.
From the Ampe`re-Maxwell law, the scattered electric field outside Σ is obtained by
E −Epr = Esc = i
ωεµ
∇×∇×Asc.
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By projecting the electric field onto the xy-plane and letting z approach 0, we find
E‖(r) = E
pr
‖ (r) +
iωµ
k20
(I− ez ⊗ ez) · {∇ ×∇×
×
∫∫
Σ
G(r; r′)J [E‖|Σ](r′) dr′
 , r = (x, y, 0), (4)
where I is the 3×3 unit matrix and ⊗ denotes a tensor product. This integral equation
is applied to flat sheets, Σ, of arbitrary shapes, and is a particular case of the ‘electric
field integral equation’ formalism of electromagnetics [43].
We now introduce the EPP with wave number q in the y-direction (q ∈ C) with
the goal to determine q so that (4) has nontrivial solutions for zero incident field, if Σ
is a half plane (figure 1). We take the following steps: (i) Assume (Epr,Bpr) = 0. (ii)
Apply the ansatz F (x, y, z) = eiqyF˜ (x, z) in R3 with J [E‖|Σ](x, y) = eiqyJ˜ [E˜‖|Σ](x)
(F = E,B,A). Subsequently, we drop the tildes in this context for ease of notation.
After some algebra, and writing E‖(x) instead of E‖(x, 0), by (4) we obtain
E‖(x) =
iωµ
k20
 d
2
dx2
+ k20 iq
d
dx
iq
d
dx
k20 − q2

×
∫ ∞
0
K(x− x′)J [E‖|Σ](x′) dx′, −∞ < x <∞. (5)
In this expression, we view E‖ and J (E‖|Σ) as 2× 1 vectors, suppressing their (zero)
z-component for simplicity, and the kernel is
K(x) = i4H
(1)
0 (keff |x|), keff =
√
k20 − q2, Im keff > 0, (6)
where H
(1)
ν (w) is the first-kind Hankel function of the ν-th order [44]. Note that this
kernel incorporates the appropriate radiation condition [42].
We proceed to motivate the separation of two length scales. Suppose that σ# is
a scalar, positive function of ω having typical values of |J |/|E‖| on Σ. For example,
σ# = supE‖{|J [E‖]|/|E‖|} for all E‖ 6= 0 on Σ. (We remark in passing that σ# is the
‘operator norm’ for J ). This σ# has units of conductivity. We enforce the conditions
|q|  |k0| and
∣∣∣∣ωµσ#k0
∣∣∣∣ 1 (nonretarded regime).
These two conditions are interrelated, since q should depend on σ#. Now define
l =
ωµσ#
k20
which has units of length (|k0l|  1). For example, if Σ is isotropic and homogeneous
with conductivity σ, Imσ > 0, then σ# = |σ| and l is of the order of the SPP
wavelength [7]. Since the EPP and SPP wave numbers may be comparable [10], take
|ql| = O(1) as k0l→ 0.
In view of the above, consider the formal two-scale expansion
E‖(x) = E(0)(x˘, x¯) + (k0l)E(1)(x˘, x¯) + . . . , x˘ = x
l
, x¯ = k0x,
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where x˘ is the fast scale, controlled by l, x¯ is the slow scale, set by the ambient-medium
wavelength, and k0l is the expansion parameter. The operator d/dx is replaced by
d
dx
→ l−1 ∂
∂x˘
+ k0
∂
∂x¯
.
Let  = k0l (||  1). The substitution of the two-scale expansion into (5) yields
E(0)(x˘, x¯) + E(1)(x˘, x¯) + . . .+ nE(n)(x˘, x¯) + . . .
=

∂2
∂x˘2
+ 2
∂2
∂x˘∂x¯
+ 2
(
∂2
∂x¯2
+ 1
)
i(ql)
(
∂
∂x˘
+ 
∂
∂x¯
)
i(ql)
(
∂
∂x˘
+ 
∂
∂x¯
)
−(ql)2 + 2

×
∫ ∞
0
K(x˘− x˘′, x¯− x¯′)J [E
(0)] + J [E(1)] + . . .+ nJ [E(n)] + . . .
−iσ# dx˘
′
where K(x˘, x¯) = (i/4)H(1)0 (
√
x¯2 − (ql)2x˘2) and J [·] depends explicitly only on the
fast variable. In the integral, K(x˘ − x˘′, (x˘ − x˘′)) must be expanded in powers of 
while x˘ − x˘′ is treated as fixed. By balancing out terms on both sides, we can in
principle derive a cascade of equations for E(n) (n = 0, 1, . . .). For n = 0, we find
E(0)(x˘) =
( −∂/∂x˘ 0
0 −i(ql)
)
×
( −i(∂/∂x˘) ql
−i(∂/∂x˘) ql
)
·
∫ ∞
0
K(x˘− x˘′, 0)J [E
(0)|Σ](x˘′)
σ#
dx˘′,
where, abusing notation slightly, we write E(0)(x˘) instead of E(0)(x˘, x¯) in order to
stress that this zeroth-order solution depends only on the fast variable. Notice that
(∂/∂x˘, iql) is the surface gradient, given the ansatz for the y-dependence of the fields.
Thus, to leading order in k0l, restoring the notation for the electric field, we write
E‖(x) ∼ iωµ
k20
(
d/dx 0
0 iq
)
·
(
d/dx iq
d/dx iq
)
×
∫ ∞
0
K(x− x′)J [E‖|Σ](x′) dx′, K(x) = 12piK0(qsg(q)|x|),
where Kν(w) is the third-kind modified Bessel function of the ν-th order [44], and
sg(q) = 1 if Re q > 0 while sg(q) = −1 if Re q < 0. Hence,
E‖(x) ∼ −(d/dx, iq)ϕ(x),
where ϕ(x) is a bounded and continuous scalar function that satisfies
ϕ(x) = − iωµ
k20
(
d
dx
, iq
)
·
∫ ∞
0
K(x− x′)J
[(
−dϕ
dx
,−iqϕ
)]
(x′) dx′ (7)
for all x. This expression may be simplified once J [·] is specified. Equation (7)
amounts to the quasi-electrostatic approximation (cf. [28]). For a broad review on
the quasi-electrostatic approximation, see, e.g., [45]. Our task is to determine q so
that (7) has nontrivial admissible solutions, ϕ(x), when J [E‖|Σ] is described in terms
of a local, spatially homogeneous surface conductivity tensor.
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3. Homogeneous sheet: Wiener-Hopf method and the notion of the index
In this section, we solve integral equation (7) for the potential ϕ on homogeneous and
anisotropic sheets, with conductivity kernel σˇ(r) = σΣδ(x)δ(y) in (1). In this vein, we
introduce the related concept of the index, νK . We also discuss a possible meaning of
this νK , and describe the bulk SPPs that emerge as residue contributions to a Fourier
integral for ϕ for zero index νK . Hence, we set
J [E‖] = σΣ ·E‖, σΣ =
(
σxx σxy
σyx σyy
)
, (8)
where the matrix σΣ is spatially constant. For non-active (i.e., lossy or lossless) 2D
materials, this σΣ must have a positive semidefinite Hermitian part. In addition, this
σΣ is subject to the Onsager reciprocity relations [46,47].
3.1. Wiener-Hopf method and zero index
After integration by parts, (7) becomes
ϕ(x) =
iωµ
k20
(
d
dx
, iq
)
· σΣ ·
(
d/dx
iq
)∫ ∞
0
K(x− x′)ϕ(x′) dx′
− iωµ
k20
(
d
dx
, iq
)
· σΣ ·
(
1
0
)
K(x)ϕ0, −∞ < x <∞, (9)
where ϕ0 = limx↓0 ϕ(x) (cf. equation (16) in [28]) and ϕ(x) is continuous and integrable
on the real axis †. We will describe q so that (9) admits such solutions with ϕ0 6= 0.
In order to apply the Wiener-Hopf method [24], we define the Fourier transforms
ϕ̂(ξ) =
∫ ∞
−∞
e−iξxϕ(x) dx, ϕ̂±(ξ) =
∫ ∞
−∞
e−iξx θ(∓x)ϕ(x) dx (ξ ∈ C)
where θ(x) = 1 if x > 0 and θ(x) = 0 if x < 0. Thus, ϕ̂(ξ) = ϕ̂+(ξ) + ϕ̂−(ξ) where
ϕ̂±(ξ) is analytic in the upper (+) or lower (−) half plane, and ϕ̂±(ξ)→ 0 as ξ →∞.
The application of the Fourier transform to (9) yields
ϕ̂+(ξ) + P(ξ) ϕ̂−(ξ) = ωµ
k20
(σyxq + σxxξ)K̂(ξ)ϕ0, −∞ < ξ <∞, (10)
where ϕ0 = limx↓0 ϕ(x) = limx↑0 ϕ(x) by the continuity of ϕ(x), and ‡
K̂(ξ) =
∫ ∞
−∞
e−iξxK(x) dx = 12 (ξ
2 + q2)−1/2, Re
√
ξ2 + q2 > 0,
P(ξ) = 1 + iωµ
k20
{σxxξ2 + (σxy + σyx)qξ + σyyq2}K̂(ξ). (11)
We seek nontrivial ϕ̂±(ξ) (if ϕ0 6= 0) that solve (10). The condition Re
√
ξ2 + q2 > 0
is dictated by the assumption of waves that decay in the z-direction, and defines the
first Riemann sheet. Note that, consequently,
√
ξ2 + q2 is an even function of ξ.
† On the conducting sheet (x > 0), the integrability assumed for ϕ(x) may be viewed as a consequence
of the requirements for finite total surface charge and bounded surface current density normal to the
edge. Since ϕ0 is finite, the boundedness of ϕ(x) at the edge from outside Σ is implied by continuity.
‡ The function P(ξ) defined in (11) should not be confused with a polynomial in ξ.
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To derive formulas for ϕ̂±(ξ), we need to separate the terms in (10) into two
types: terms that are analytic in the upper half plane and terms that are analytic in
the lower half plane [24,25]. For this purpose, we first assume that
P(ξ) 6= 0 for all real ξ.
Definition 1. Consider the ‘Krein index’, νK , associated with the function P(ξ) on
the real axis. This νK is defined as [24]
νK =
1
2pii
lim
M→+∞
∫ M
−M
P ′(ξ)
P(ξ) dξ
=
1
2pii
lim
M→+∞
∮
Γ0(M)
dP
P =
1
2pi
argP(ξ)∣∣+∞
ξ=−∞. (12)
In definition 1, the prime indicates differentiation with respect to ξ and Γ0(M)
is the oriented curve that forms the image in the P-plane of the interval (−M,M)
of the real axis in the ξ-plane, under the mapping ξ 7→ P(ξ), as M → +∞. For the
P(ξ) at hand, Γ0 is a closed contour and νK is an integer (νK = 0,±1,±2 as noted in
section 3.2). This νK is the winding number of Γ0 with respect to the origin in the
P-plane, expresses the change of (2pii)−1 lnP(ξ) between the extremities of the real
axis in the ξ-plane, and depends on σΣ, ω and q. An interpretation of the index νK
is discussed in section 3.2. Some properties of νK are outlined in Appendix A.
To find the EPP dispersion relation, the suitable scenario is to set (see section 4)
νK = 0.
For example, consider the case with σxy + σyx = 0, when P(ξ) is an even function,
and then treat the nonzero sum of σxy and σyx as a perturbation. In the present case
with a vanishing νK , we can directly factorize P(ξ) on the real line, and obtain an
EPP dispersion relation (section 4). We need to determine ‘split’ functions, Q±(ξ),
analytic and single valued in the upper (+) or lower (−) half plane, such that
Q(ξ) = lnP(ξ) = Q+(ξ) +Q−(ξ), −∞ < ξ <∞. (13)
Since lnP(ξ) is analytic and single valued on R for νK = 0, we apply the Cauchy
integral formula along the boundary of a rectangle with its two sides parallel to the
real axis, and thus obtain [24,25]
Q±(ξ) = ± 1
2pii
∫ ∞
−∞
Q(ξ′)
ξ′ − ξ dξ
′, Q(ξ) = lnP(ξ) (±Im ξ > 0). (14)
We proceed to describe ϕ(x) for νK = 0. Equation (10) becomes
e−Q+(ξ)ϕ̂+(ξ) + eQ−(ξ)ϕ̂−(ξ) =
ωµ
k20
(qσyx + ξσxx)K̂(ξ)e
−Q+(ξ)ϕ0.
The next step is to find suitable split functions, Λ±(ξ), such that the right-hand side
is expanded as −i[Λ+(ξ) + Λ−(ξ)]ϕ0 where the factor of i is used for later algebraic
convenience. This splitting can be carried out as follows. By (11) and (13), we obtain
iωµ
k20
(qσyx + ξσxx)K̂(ξ)e
−Q+(ξ) =
( C+
ξ − ξ+ +
C−
ξ − ξ−
){
eQ−(ξ) − e−Q+(ξ)
}
,
where ξ± are the zeros of the polynomial σxxξ2 + (σxy + σyx)qξ + σyyq2, viz.,
ξ± = −q (σxy + σyx)± sg(q)D
2σxx
, D =
√
(σxy + σyx)2 − 4σxxσyy (15)
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with ±Re ξ± > 0 and
C± = 1
2
{
1± σxy − σyx
D
sg(q)
}
. (16)
Hence, by inspection we can take
Λ±(ξ) = ∓ C
±
ξ − ξ±
{
e∓Q±(ξ) − e∓Q±(ξ±)
}
± C
∓
ξ − ξ∓
×
{
e±Q∓(ξ
∓) − e∓Q±(ξ)
}
. (17)
Thus, (10) leads to the statement
e−Q+(ξ)ϕ̂+(ξ) + iΛ+(ξ)ϕ0 = −eQ−(ξ)ϕ̂−(ξ)− iΛ−(ξ)ϕ0
for −∞ < ξ < ∞. By analytic continuation to the complex ξ-plane, the functions
of the two sides of this equation together define an entire function, E(ξ), which is a
polynomial. By the asymptotic behavior of Q±(ξ) (Appendix B) and the property
ϕ±(ξ)→ 0 as ξ →∞, we assert that E(ξ) = 0. By Fourier inversion, we write
ϕ(x) =
ϕ0
2pii
∫ ∞
−∞
Λ+(ξ) e
Q+(ξ) eiξx dξ if x < 0,
ϕ(x) =
ϕ0
2pii
∫ ∞
−∞
Λ−(ξ)e−Q−(ξ) eiξx dξ if x > 0. (18)
We show that, for zero νK , (18) are compatible with the continuity of ϕ(x) across the
edge if q satisfies a transcendental equation which is the EPP dispersion relation (see
section 4). In contrast, if νK 6= 0 such a dispersion relation is not meaningful. For
this latter case, see remarks 1-3 in section 3.2, remarks 4 and 5 in section 4, and the
analysis in Appendix C.
3.2. On the meaning of the index νK
Next, we make an attempt to discuss an interpretation of the index νK , which in our
framework provides a quantitative criterion for the solvability of (9) and, thus, for
the existence of the EPP dispersion relation. An indication that such a criterion
underlies the EPP can be traced in [28], where the authors calculate the energy
of edge magnetoplasmons in semi-infinite conducting sheets under a static magnetic
field, using an antisymmetric tensor conductivity in the collisionless regime. In this
work [28], it is pointed out that a branch of the solution ω(q) from the EPP dispersion
relation can become equal to the energy of the corresponding bulk SPP in the direction
of the edge. When this occurs, the EPP energy ω versus the wave number q enters a
continuum region and, hence, the EPP dispersion relation is not meaningful [28]. We
explore this transition systematically by use of the index νK and numerics in [40].
To further illustrate the concept of the index νK here, it is of interest to express
this integer in terms of the number of zeros of the function P(ξ) defined by (11). We
can claim that, for a wide range of physical parameters, νK equals (see Appendix A)
νK =
N+ −N−
2
+
N+∗ −N−∗
2
, (19)
where N± is the number of zeros of P(ξ) in the upper (+) or lower (−) half ξ-plane in
the first Riemann sheet, and N±∗ is the respective number with Re
√
ξ2 + q2 < 0, in the
second Riemann sheet. Notice that νK = 0,±1,±2. Equation (19) is corroborated by
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numerical examples (see remark 5 in section 4 for νK = 0, and discussion in Appendix
A). We herein propose formula (19) as a conjecture motivated by our numerics.
In the remainder of this subsection, we discuss implications of (19) by pointing
out a connection of the nonretarded bulk SPPs, which propagate away form the edge,
to the (zero or nonzero) index νK . For fixed index νK and EPP wave number q, the
zeros of P(ξ) in the top Riemann sheet amount to bulk SPPs propagating in the x-
direction for the respective infinite 2D material. This can be verified from (9) by the
replacement of the integration range by (−∞,∞) and removal of the second line of this
equation, since there is no edge. The application of the Fourier transform in x to the
resulting equation formally yields P(ξ)ϕ̂(ξ) = 0, which has nontrivial solutions ϕ̂ only
at points ξ
(`)
sp in C with P(ξ(`)sp ) = 0 and Re
√
(ξ
(`)
sp )2 + q2 > 0 (` = 1, . . . , n, n ≤ 4).
These ξ
(`)
sp are q-dependent and amount to the wave numbers in the x-direction of bulk
SPPs that have propagation constant equal to q in the y-direction on the infinite 2D
material. For an anisotropic material, the number of SPPs with Im ξ
(`)
sp > 0, which
propagate in the positive x-direction, may not in principle be equal to the number of
SPPs with Im ξ
(`)
sp < 0. In this vein, the zeros of P(ξ) in the second Riemann sheet
(where Re
√
ξ2 + q2 < 0) are wave numbers in the x-direction of surface wave modes
for the infinite sheet that amount to exponentially growing solutions with |z|.
Remark 1. Suppose that no bulk wave modes are possible that are exponentially
growing with |z| (thus, N+∗ = 0 = N−∗ ). By (19), we infer that, for a given EPP
wave number q along the edge, the index νK expresses half the difference between
the numbers of modes for bulk SPPs that propagate in the positive and negative x-
directions on the corresponding infinite flat sheet. Hence, if νK = 0 in this setting,
when the EPP dispersion relation exists (see section 4), an equal number of bulk SPPs
can propagate to the left and to the right of the edge on the respective infinite sheet.
Remark 2. More generally, for a given q formula (19) implies that the index νK
equals half the difference between the numbers of all, exponentially decaying and
growing with |z|, types of bulk wave modes for the corresponding infinite flat sheet.
Among the (exponentially decaying with |z|) bulk SPPs associated with the zeros
of P(ξ), only those with Im ξ(`)sp > 0 manifest in our setting of a semi-infinite sheet, as
we show in section 3.3 via contour integration for x > 0. By inspection of P(ξ), we
see that the reflection of q (q → −q) results in the reflection of ξ(`)sp (ξ(`)sp → −ξ(`)sp ) for
all ` = 1, . . . , n. This reflection property can be extended to the corresponding bulk
wave modes that grow exponentially with |z|.
Remark 3. Hence, for a given EPP wave number, q, along the edge of the semi-
infinite sheet, the index νK equals half the difference between the numbers of all
(exponentially decaying and growing with |z|) types of bulk wave modes having wave
number equal to q in the y-direction and the respective modes that would ensue if the
EPP reversed its direction of propagation.
3.3. Bulk SPPs for zero index
For νK = 0 and a given q, we now describe the bulk SPPs propagating away from the
edge via the requisite Fourier integral for ϕ(x) (x > 0). By (18) and (13), we have
ϕ(x) = ϕ0
{
C+eiξ+x − 1
2pii
∫ ∞
−∞
dξ eiξx
[ C−
ξ − ξ− e
Q−(ξ−)
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+
C+
ξ − ξ+ e
−Q+(ξ+)
]
eQ+(ξ)
P(ξ)
}
, x > 0.
By closing the path in the upper half ξ-plane of the top Riemann sheet, we may
have contributions from (i) residues of the integrand at the poles ξ = ξ+, ξ
(l)
sp with
Im ξ
(l)
sp > 0, and (ii) the branch cut for ξ = iqsg(q). The residues give
ϕres(x) = ϕ0C+(ξ¯+ − ξ¯−)e−Q+(kspξ¯+)
×
n∑
`=1
Im ξ
(`)
sp >0
eQ+(kspξ¯`)eikspξ¯`x
√
ξ¯2` + q¯
2√
ξ¯2` + q¯
2
[
2ξ¯` − (ξ¯+ + ξ¯−)
]− ξ¯`
where ksp = −2k20/(iωµσxx), the wave number of the transverse magnetic SPP [7],
and q = kspq¯, ξ
± = kspξ¯± and ξ
(`)
sp = kspξ¯`. In the nonretarded regime, we have
|ksp|  |k0|, q satisfies (20) and each of q¯, ξ¯± and ξ¯l is, in principle, an O(1) quantity.
In the setting with a tensor valued surface conductivity, it is possible to have
zero and nonzero values of the index νK by manipulating the sum of the off-diagonal
elements of σΣ, ω and q. A few physical predictions are explored elsewhere [40].
4. EPP dispersion relation on homogeneous sheet under zero index
In this section, we derive the EPP dispersion relation from (18), if the index νK
is zero. We also summarize the theory pertaining to nonzero νK (see remark 4
and Appendix C). In addition, we provide examples of solutions of the derived EPP
dispersion relation and the corresponding zero values of νK (see remark 5).
First, we show by contour integration that the ϕ(x) on the sheet given by (18) is
consistent with the definition of ϕ0 without any further restriction of q. We compute
lim
x↓0
ϕ(x) = lim
↓0
ϕ0
2pii
∫ ∞
−∞
Λ−(ξ)e−Q−(ξ)eiξ dξ
= C+ϕ0 − ϕ0
2pii
∫ ∞
−∞
{ C+
ξ − ξ+ e
−Q+(ξ+) +
C−
ξ − ξ− e
Q−(ξ−)
}
e−Q−(ξ) dξ
= (C+ + C−)ϕ0 = ϕ0,
where we use (17) for Λ±(ξ), a result for Q−(ξ) from Appendix B and (16) for C±.
Next, we resort to the limit value of ϕ(x) as x approaches the edge from outside
the sheet. Therefore, we calculate
lim
x↑0
ϕ(x) = I = lim
↓0
ϕ0
2pii
∫ ∞
−∞
Λ+(ξ)e
Q+(ξ)e−iξ dξ
= C−ϕ0 + lim
↓0
ϕ0
2pii
∫ ∞
−∞
dξ
{ C+
ξ − ξ+ e
−Q+(ξ+) +
C−
ξ − ξ− e
Q−(ξ−)
}
× e−Q−(ξ)P(ξ)e−iξ,
using (17) and eQ+(ξ) = e−Q−(ξ)P(ξ). By (11) and (15) for P(ξ) and ξ±, we have
I =
iωµσxx
2k20
[
C+e−Q+(ξ+) + C−eQ−(ξ−)
]
lim
↓0
ϕ0
2pii
∫ ∞
−∞
ξ
e−Q−(ξ)√
ξ2 + q2
e−iξ dξ
− iωµσxx
2k20
[
C+ξ−e−Q+(ξ+) + C−ξ+eQ−(ξ−)
] ϕ0
2pii
∫ ∞
−∞
e−Q−(ξ)√
ξ2 + q2
dξ.
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The limit of the integral in the first line of the last equation is infinity, as we
verify by wrapping the path around the branch cut that emanates from ξ = −iqsg(q).
In contrast, the integral of the second line is convergent. To eliminate the above
divergence, we require that the corresponding prefactor vanishes, which in turn implies
Q−(ξ−) +Q+(ξ+) = ln
(
−C
+
C−
)
(±Reξ± > 0). (20)
This relation is a highlight of our analysis (see comments below). Recall that ξ± and
C± are defined by (15) and (16). If σxy = −σyx and σxx = σyy then (20) becomes
iσyx
σxx
sg(q) tanh
[
1
pi
∫ ∞
0
ln
(
1 + iωµσxx
2k20
sg(q)q
√
1 + ζ2
)
1 + ζ2
dζ
]
+ 1 = 0,
in agreement with equation (12) in [27] (for vanishing slab thickness), and equation
(28) in [28] for a single conducting sheet.
We can now verify that ϕ(x) tends to ϕ0 as x approaches the edge from outside
the sheet. Evaluating the convergent integral in the last expression for I, we have
iωµσxx
2k20
1
2pii
∫ ∞
−∞
e−Q−(ξ)√
ξ2 + q2
dξ =
1
2pii
∫ ∞
−∞
eQ+(ξ) − e−Q−(ξ)
(ξ − ξ+)(ξ − ξ−) dξ
=
eQ+(ξ
+) − e−Q−(ξ−)
ξ+ − ξ−
which, after some algebra, indeed furnishes that ϕ(x)→ ϕ0 as x ↑ 0 by virtue of (20).
The following comments on (20) are in order. (i) Evidently, its left-hand side is
invariant under the reflection of q (q → −q) while the right-hand side is not unless
σxy = σyx, as expected by symmetry considerations [28]. (ii) BecauseQ±(ξ) is analytic
and single valued in the upper (+) or lower (−) half plane for νK = 0, only one
branch of the logarithms involved in the integrals and on the right-hand of (20) is
relevant [28]. By considering the long-wavelength asymptotics (section 5), we choose
a branch of w = ln Ξ by taking −pi < Imw ≤ pi for (20), for any requisite complex
variable Ξ (Ξ ∈ C). Accordingly, we have ln(−C+/C−) = 0 if C+/C− = −1 on the
right-hand side of (20) (see section 5). (iii) The validity of (20) is limited due to the
underlying approximations (section 2). By our formalism, we expect that (20) holds
if ωµσ#/|k0|  1 where, e.g., σ# =
√|σxx|2 + |σyy|2 + |σxy|2 + |σyx|2.
Remark 4. We summarize the results for nonzero index, νK 6= 0 (see the analysis
of Appendix C). If νK < 0, there is no q for which integral equation (9) admits
nontrivial integrable and continuous solutions. If νK > 0 there is a region for (q, ω),
with a continuum of complex values of q for every ω, such that (9) has nontrivial
solutions. A more detailed study of these cases is the subject of a separate paper [40].
Remark 5. We now give examples of solutions, q, to relation (20), and respective
zero index νK . Our starting point is a diagonal σ
Σ of the Drude form with possibly
unequal diagonal elements [48]. We generate a nonzero sum σxy + σyx via rotation in
the xy-plane §. For νK = 0, we self-consistently obtain q by numerically solving (20)
§ This matrix transformation can be viewed as the result of applying rotation of the unit cell of the
bulk 2D material and then cutting the material to create an edge along a fixed axis.
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with σxy = σyx which implies that if q is a solution so is −q (see cases (i)–(iii) of this
remark below). In nondimensional form, the function P(ξ) = P(ξ; q) reads
P(ξ) = 1 + i
2
σ¯xxξ¯
2 + (σ¯xy + σ¯yx)q¯ ξ¯ + σ¯yy q¯
2
(q¯2 + ξ¯2)1/2
, ζ¯ =
ζ
k0
, σ¯``′ =
σ``′√
ε/µ
for ζ = ξ, q (`, `′ = x, y). Here, Re(ξ¯2 + q¯2)1/2 > 0, the ambient medium is considered
to be lossless (k0 > 0), and the symbols q¯ and ξ¯ should not be confused with similar
symbols used in the end of section 3.2. If U(φ) is the matrix representing the rotation
by angle φ with respect to the positive x-axis in the xy-plane, we consider the matrix
σ¯Σ(φ) = U(φ)σ¯Σ(0)U(−φ), 0 ≤ φ < pi,
for different choices of σ¯Σ(0) and angle φ. Note that σ¯Σ(φ) has elements σ¯``′(φ).
(i) Reference case: σ¯Σ(0) = diag(0.2 i, 0.2 i), φ = 0. By solving (20) for Re q > 0 and
finding νK as a winding number in the P-plane by (12), we compute q¯ ' 12.172 '
1.217ksp/k0, in agreement with [28], and obtain νK = 0 as expected by (19).
(ii) σ¯Σ(0) = diag(0.001 + 0.1i, 0.002 + 0.2i), φ = 0. The resulting P(ξ; q) is even in
ξ and has 4 zeros (symmetric with respect to the origin) in the top Riemann sheet.
By (20) with Re q > 0 we find q¯ ' 13.928 + 0.140i, and verify that νK = 0 directly
by (12), in agreement with (19).
(iii) σ¯Σ(0) = diag(0.001 + 0.1i, 0.002 + 0.2i), φ = 0.4pi. The ensuing P(ξ; q) has 2
zeros in the top Riemann sheet with N+ = 1 = N−, while N+∗ = 1 = N
−
∗ . By (20) for
Re q > 0 we obtain q¯ ' 21.657 + 0.217i, and obtain νK = 0 by (12), as found by (19).
We conclude this section by noting that one may explore the values of νK in the
parameter space of arbitrary σΣ, by invoking nonzero σxy − σyx and σxy + σyx. For
example, one can start with having σxx 6= σyy and a static magnetic field [33], apply
rotations and vary the applied magnetic field. Numerically, a transition from zero to
nonzero νK occurs when it is no longer possible to determine a solution q(ω) to (20).
5. Long-wavelength asymptotic expansion under zero index
In this section, we derive an asymptotic expansion for q from dispersion relation (20)
in the regime described by |ωµσ#/k0|  1 along with (see sections 2 and 4)
|k0|  |q| < O
(
2k20
ωµσ#
)
, 0 6= σxy − σyx
σxx
= O(1). (21)
The above inequalities involving |q| imply that the EPP wave number, q, is large in
magnitude compared to the ambient medium propagation constant but much smaller
than the typical SPP wave numbers for q = 0 on the sheet. Hence, |ql| is small
compared to unity but much larger than |k0l| (|k0l|  1) where l = ωµσ#/k20. We
also discuss the case with σxy = σyx, if the second condition in (21) does not hold.
First, let us examine the regime described by (21). By manipulating the integrals
for Q+(ξ
+) and Q−(ξ−) with ξ± = qα±, we obtain
Q±(ξ±) = ± 1
2pii
∫ ∞
0
dζ
ζ2 − (α±)2
{
ζ
[
ln(1 + q˘A(ζ))− ln(1 + q˘A(−ζ))]
+ α±
[
ln(1 + q˘A(ζ)) + ln(1 + q˘A(−ζ))]}sg(q), (22)
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where
q˘ =
iωµσxx
2k0
qsg(q)
k0
, α± = − (σxy + σyx)± sg(q)
√
(σxy + σyx)2 − 4σxxσyy
2σxx
,
A(ζ) = (ζ − α+)(ζ − α−)(1 + ζ2)−1/2, Re
{
qsg(q)
√
1 + ζ2
}
> 0.
We consider |α±| = O(1) and |q˘|  1. In the limit q˘ → 0, each of Q+(ξ+) and Q−(ξ−)
approaches zero. This occurs since the branch of the logarithm w = ln Ξ is defined so
that −pi < Imw ≤ pi which in turn implies ln(1) = 0, where Ξ may be a function of ζ
as seen by the above integrals for Q±(ξ±). Thus, for consistency of our assumptions
for |q| in this regime with dispersion relation (20), the ratio −C+/C− must be close to
unity. In view of (16), this implies that (σxy − σyx)/D should be large in magnitude.
This behavior can characterize, for example, the conductivity σΣ that comes from the
hydrodynamic model in [33] at low enough ω (see below).
We proceed to give the main result. By applying to Q±(ξ±) the Mellin transform
with respect to q˘ [49, 50], we obtain the low-order expansion (see Appendix D)
Q+(ξ
+) +Q−(ξ−) ∼ 1
ipi
q˘ (α+ − α−)
[
ln
(
2
q˘
)
+ 1
]
as q˘ → 0. (23)
Accordingly, dispersion relation (20) becomes
− 1
2pi
ωµ(σxy − σyx)
2k0
q
k0
[
ln
(
2
q˘
)
+ 1
]
' 1, (24)
in agreement with equation (41) in [28] for the special case with σxy = −σyx and
σxx = σyy. Our methodology can produce higher-order terms in (23), which we omit
here, but the procedure becomes increasingly cumbersome with the expansion order.
We further comment on (24). First, only σxx and the “antisymmetric part”
σxy − σyx of σΣ contribute to this long-wavelength expansion. Second, in order to
extract q(ω) or ω(q) from (24), we would need to specify how the relevant matrix
elements of σΣ depend on ω. For example, suppose that σΣ emerges from a model
based on linearized hydrodynamic equations for the electron flow in the presence of a
static transverse magnetic field, B0ez [23,28,33]. By neglecting the (nonlocal) effects
of compressibility and viscosity, we apply a linear response theory and obtain
σΣ(ω) ' − ie
2n0
ω2c
(
ω −iωc
iωc ω
)
, τ−1  ω  |ωc| = e|B0|
me
. (25)
Here, e is the electron charge, n0 is the background (unperturbed) electron density,
me is the electron mass, τ is a phenomenological relaxation time due to collisions of
electrons with impurities or other particles, and ωc = eB0/me is the signed cyclotron
‘frequency’ [33]. In this formulation, we neglect the effect that the edge as a boundary
of the 2D electron system has on the effective σΣ. Note that we should require that∣∣∣∣σxy − σyxD
∣∣∣∣ ' ∣∣∣∣ωcω
∣∣∣∣ 1,
for compatibility with the regime of small |q˘| that we study. Consequently, we find [28]
ω(q) ∼ 1
2pi
e2n0
εωc
q
[
ln
(
4εω2c
e2n0|q|
)
+ 1
]
if τ−1  ω  |ωc|.
Next, we discuss the distinctly different case with σxy = σyx. The term
ln(−C+/C−) on the right-hand side of relation (20) then becomes equal to ipi, since
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C+ = C− = 1/2. Hence, by inspection of the two sides of (20), we realize that the
behavior of q may be modified. If |α±| are fixed then |q˘| cannot be small. By use
of (22) in (20), we end up with a transcendental equation of the form
F(q˘; σ¯1, σ¯2) = 0 where F = Q+(ξ+) +Q−(ξ−)− ipi,
with σ¯1 = (σxy+σyx)/σxx and σ¯2 = σyy/σxx. The above equation may not be further
simplified. Any admissible solution q˘ should be an O(1) quantity which depends on
the parameters σ¯1 and σ¯2 entering α
±. If q˘ = ϑ(σ¯1, σ¯2) denotes a solution, we have
q = ±ϑ(σ¯1, σ¯2) i2k
2
0
ωµσxx
, ϑ = O(1).
This formula suggests that q(ω) = O(ω2), if σxx = O(1/ω) and σ¯1,2 = O(1) as
expected by the Drude model in the absence of a static magnetic field for low frequency
in the collisionless regime [6,8,48]. A numerical study of this case lies beyond our scope.
6. Extensions
In this section, we outline extensions of our theory to the following settings (cf.
figure 1): (i) A nonhomogeneous and isotropic ambient dielectric medium that has
a z-dependent permittivity [28]. (ii) Two semi-infinite coplanar sheets lying in the xy-
plane, where the EPP propagates along their joint boundary, the y-axis [28]. These
sheets have arbitrary and in principle distinct tensor valued surface conductivities.
6.1. Nonhomogeneous ambient medium
Suppose that the ambient space has a z-dependent, bounded dielectric permittivity,
εr(z), relative to the vacuum which has permittivity ε0. For example, for a layered
ambient medium εr(z) is piecewise constant. In the quasi-electrostatic approximation,
define the requisite Green function, G(x− x′, z; z′), by [28]
∇ · [εr(z)∇G(x, z; z′)] = −δ(x) δ(z − z′), ∇ = (∂/∂x, iq, ∂/∂z),
with G(x, z; z′)→ 0 as √x2 + z2 →∞ for fixed z′. For a semi-infinite sheet, Σ, which
lies in the xy-plane with x > 0, the integral equation for the scalar potential, ϕ(x),
results from (7) under the replacement
K(x− x′)→ G(x− x′, 0; 0) with k0 = ω√ε0µ .
Let us restrict attention to spatially constant surface conductivities, σΣ, given
by (8). By following the steps of sections 3 and 4, we can derive dispersion relation (20)
for zero index νK , where Q±(ξ), ξ± and C± are given by (14)–(16) with
P(ξ) = 1 + iωµ
k20
{σxxξ2 + (σxy + σyx)qξ + σyyq2}Ĝ(ξ, 0; 0)
and k0 = ω
√
ε0µ. For nonzero νK , the results follow directly from Appendix C.
For example, suppose Σ lies at the interface, at z = 0, between two dielectric
media of constant relative permittivities εr1 (say, for z > 0) and εr2 (z < 0). Then,
Ĝ(ξ, 0; 0) =
1
εr1 + εr2
(ξ2 + q2)−1/2, Re
√
ξ2 + q2 > 0.
Accordingly, for σxy 6= σyx the ensuing long-wavelength expansion is [cf. (24)]
− 1
2pi
ωµ(σxy − σyx)
(εr1 + εr2)k0
q
k0
[
ln
(
2
q˘
)
+ 1
]
' 1, q˘ = iωµσxx
(εr1 + εr2)k0
qsg(q)
k0
.
Nonretarded edge plasmon-polaritons in anisotropic two-dimensional materials 17
6.2. Two coplanar, anisotropic conducting sheets
Consider two semi-infinite sheets, ΣL and ΣR, of distinct conductivities σ
ΣL and σΣR .
The sheets lie in the xy-plane, where ΣL (ΣR) occupies the left (right) half plane with
respect to the y-axis, for x < 0 (x > 0). The combined material sheet, Σ = ΣL ∪ ΣR,
has the surface current density J (x, y) = eiqyσΣ(x) ·E‖(x), where σΣ(x) is (cf. [28])
σΣ(x) = σΣL + θ(x)(σΣR − σΣL) (σΣL 6= σΣR , −∞ < x <∞).
Here, σΣL,R are spatially constant 2×2 matrices with positive semidefinite Hermitian
parts and elements σL,R``′ (`, `
′ = x, y). Suppose that the ambient medium is
homogeneous and isotropic with permittivity ε and permeability µ.
By analogy with (9), the continuous scalar potential ϕ(x), now satisfies
ϕ(x) =
iωµ
k20
{(
d
dx
, iq
)
· σΣR ·
(
d/dx
iq
)∫ ∞
0
K(x− x′)ϕ(x′) dx′
+
(
d
dx
, iq
)
· σΣL ·
(
d/dx
iq
)∫ 0
−∞
K(x− x′)ϕ(x′) dx′
}
− iωµ
k20
(
d
dx
, iq
)
· (σΣR − σΣL) ·
(
1
0
)
K(x)ϕ0, −∞ < x <∞,
with ϕ0 = ϕ(0). Hence, the functional equation for ϕ̂±(ξ) on the real axis is
PL(ξ)ϕ̂+(ξ) + PR(ξ)ϕ̂−(ξ) = ωµ
k20
(σyxq + σxxξ)K̂(ξ)ϕ0, (26)
where σ``′ = σ
R
``′ − σL``′ (`, `′ = x, y) and
PL,R(ξ) = 1 + iωµ
k20
{
σL,Rxx ξ
2 +
(
σL,Rxy + σ
L,R
yx
)
qξ + σL,Ryy q
2
}
K̂(ξ).
To carry out the procedures of sections 3 and 4, we assume that
PL,R(ξ) 6= 0 for all real ξ.
In addition, we introduce the suitable index, νK , by
νK =
1
2pi
argP(ξ)
∣∣∣∣∞
ξ=−∞
, P(ξ) = P
R(ξ)
PL(ξ) . (27)
Evidently, νK = ν
R
K − νLK where νR,LK is the index associated with PR,L(ξ) on the real
axis. In order to derive a dispersion relation for q, we take
νK = 0.
Note that the zero value of νK is attained if ν
R
K = ν
L
K . (In the case with σ
ΣL = 0, in
the absence of the ‘left’ sheet with x < 0, we have PL(ξ) = 1 and thus νLK = 0.)
Now introduce the split functions Q±(ξ) via Q(ξ) = lnP(ξ) = Q+(ξ) + Q−(ξ)
where Q±(ξ) are given by (14) but P(ξ) = PR(ξ)/PL(ξ), as above. Hence, we find
e−Q+(ξ)ϕ̂+(ξ) + eQ−(ξ)ϕ̂−(ξ) =
ωµ
k20
(qσyx + ξσxx)
K̂(ξ)
PL(ξ)e
−Q+(ξ)ϕ0
for all real ξ. By using the present definition of Q±(ξ), we can expand the right-hand
side of the last equation as −i[Λ+(ξ) + Λ−(ξ)] where Λ±(ξ) are given by (17). Note
that, in the present setting of two sheets, ξ± and C± are defined by (15) and (16) with
the substitution σ``′ = σ
R
``′ − σL``′ (`, `′ = x, y). Accordingly, invoking Appendix B
with Q(ξ) = QR(ξ)−QL(ξ) and QR,L(ξ) = lnPR,L(ξ), we obtain (18) for ϕ(x).
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After some manipulation of the Fourier integrals for ϕ(x), we find the limits
ϕ(0±) = ϕ0 ∓ ϕ0A(q, ω)
{
1
2pii
lim
↓0
∫ ∞
−∞
ξ e∓Q∓(ξ)
(ξ − ξ+)(ξ − ξ−)e
±iξ dξ
− ξ
∓
ξ+ − ξ− e
∓Q∓(ξ∓)
}
, ϕ(0±) = lim
x↓0
x↑0
ϕ(x), (28)
where
A(q, ω) = C+e−Q+(ξ+) + C−eQ−(ξ−).
These limits are consistent with the continuity of ϕ(x) across the edge if A(q, ω) = 0,
which yields an equation of form (20) for the EPP dispersion relation. The respective
long-wavelength expansion follows from (24) with σ``′ = σ
R
``′ − σL``′ (cf. [51]).
The theory for the present setting of two sheets can be extended to include a
nonhomogeneous ambient medium as outlined in section 6.1. For nonzero index νK ,
the results for two sheets are analogous to those for a single sheet (see Appendix C).
7. Discussion and conclusion
In this paper, we derived the dispersion relation for the EPP that propagates along the
edge of a semi-infinite flat conducting sheet of arbitrary tensor valued and spatially
homogeneous conductivity in a uniform medium in the nonretarded frequency regime.
Our findings have the following ingredients. (i) We produce the quasi-electrostatic
approximation via the separation of two scales. (ii) We connect the existence of the
EPP dispersion relation to the topological notion of the index, νK , for Wiener-Hopf
integral equations [24]. (iii) We derive an asymptotic formula for the EPP wave
number at long wavelengths which manifests a generalized effect of anisotropy. Our
analysis applies to inhomogeneous ambient media and pairs of coplanar sheets.
The index νK is an integer that depends on the material, frequency, and EPP
wave number, q, and quantifies how the EPP direction of propagation affects the
number of all, exponentially decaying and growing in the direction normal to the sheet,
types of nonretarded bulk wave modes. For the EPP dispersion relation to exist, νK
must vanish. For many physical situations, this condition is expected to hold if the
number of bulk wave modes propagating away from the edge remains invariant under
the reversal of the EPP direction of propagation. In contrast, νK may possibly be
nonzero if the sum of the off-diagonal elements of σΣ does not vanish. If νK > 0 then
the EPP wave number takes continuum values for every frequency compatible with
this νK . In contrast, if νK < 0 no EPP can exist in the respective region of (q, ω).
Our results inspire exciting open questions. For example, one should explore
the possibility for topologically protected edge plasmons on semi-infinite conducting
sheets, in the purely anisotropic and hyperbolic regimes [48]. The problem with a
conducting nanoribbon sheet, which may exhibit standing waves because of multiple
reflections from the ends, deserves some attention because of its close experimental
relevance. We considered a model with a local tensor surface conductivity. Models of
nonlocal surface conductivities such as the ones emerging from viscous hydrodynamic
or kinetic models of the 2D electron system are the subjects of work in progress.
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Appendix A. On the evaluation of the index νK
In this appendix, we provide a plausibility argument that yields (19) for the index
νK = νK(q) associated with the function P(ξ; q) on the real axis.
Recall that P(ξ; q) is defined by (11). We introduce the ‘dual’ function
P∗(ξ; q) = 1 + 1
ksp
(ξ − ξ+)(ξ − ξ−)√
ξ2 + q2
, Re
√
ξ2 + q2 > 0, (A.1)
where ksp = i2k
2
0/(ωµσxx). This P∗(ξ; q) amounts to waves that grow exponentially
with |z|. Note that P∗(ξ; q) comes from P(ξ; q) with the replacement
√
ξ2 + q2 →
−
√
ξ2 + q2. In this vein, the ‘dual’ index νK∗(q) for P∗(ξ; q) on the real axis is
νK∗(q) =
1
2pi
argP∗(ξ; q)
∣∣+∞
ξ=−∞. (A.2)
For ease of notation, we drop the subscript ‘K’ in νK and νK∗. Consider the relation
−k2sp(ξ2 + q2)P(ξ)P∗(ξ) = (ξ − ξ+)(ξ − ξ−)− k2sp(ξ2 + q2).
Hence, the roots of P(ξ; q) = 0 in the top Riemann sheet coincide with the zeros ξ of
the quartic polynomial on the right-hand side that satisfy Re{(ξ−ξ+)(ξ−ξ−)/ksp} > 0.
It is advantageous to consider the quantity
ν(q)− ν(−q) = 1
2pii
∫ ∞
−∞
{P ′(ξ; q)
P(ξ; q) +
P ′(−ξ; q)
P(−ξ; q)
}
dξ = 2ν(q),
by use of the identity ν(−q) = −ν(q). Here, the prime denotes differentiation with
respect to ξ. By deforming the integration path in the upper half ξ-plane, we find
2ν(q) = N+(q)−N−(q) + Ibc(q), (A.3)
where N±(q) is the number of zeros of P(ξ; q) in the upper (+) or lower (−) half
ξ-plane in the top Riemann sheet, and
Ibc(q) =
1
2
1
2pii
∑
ς=±
∫
Γbc
{P ′(ςξ; q)
P(ςξ; q) −
P ′∗(ςξ; q)
P∗(ςξ; q)
}
dξ.
The (oriented) path Γbc is wrapped in the counterclockwise sense around the branch
cut, which emanates from ξ = iqsg(q), for
√
ξ2 + q2 in the upper half ξ-plane.
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In a similar vein, we can relate ν∗(q) with the integral Ibc(q). We obtain
2ν∗(q) = N+∗ (q)−N−∗ (q)− Ibc(q), (A.4)
where N±∗ (q) is the number of zeros of P∗(ξ; q) in the upper (+) or lower (−) half
ξ-plane in the first Riemann sheet, where Re
√
ξ2 + q2 > 0. Therefore, by eliminating
Ibc(q) from (A.3) and (A.4), we have
ν(q) + ν∗(q) =
N+(q)−N−(q)
2
+
N+∗ (q)−N−∗ (q)
2
. (A.5)
The right-hand side of this formula only takes the values 0,±1,±2. This is evident
by N+∗ +N
−
∗ +N
+ +N− = 4, which entails ν(q) + ν∗(q) = N+ +N+∗ − 2. Since we
have not found an explicit formula for Ibc(q) in terms of N
± or N±∗ , we resort to an
empirical claim about the resulting value of ν(q). For an appreciable range of physical
parameters which we used in numerics, we obtain ν∗(q) = 0. Hence, (A.5) yields (19).
We close this appendix with two numerical examples for ν(q) to corroborate (19).
With the setting and notation of remark 5 (section 4), we consider the following cases:
(a) σ¯Σ(0) = diag(0.001 + 0.1i, 0.002 + 0.2i), φ = 0.4pi and q¯ = 0.850q¯a where q¯a
solves (20) under the conductivity σ¯Σ(φ) (case (iii) in remark 5). The resulting P(ξ; q)
has 2 zeros in the lower half ξ-plane of the first Riemann sheet, with N+ = 0 and
N− = 2, while N+∗ = 1 = N
−
∗ . By (12) we find νK = −1, in agreement with (19). By
setting q¯ = −0.850q¯a, we verify by (12) that νK changes sign thus becoming νK = 1.
(b) σ¯Σ(0) = diag(0.001 + 0.1i, 0.002 + 0.2i) and φ = 0.166pi. First, we solve (20) and
obtain q¯ ' 16.438 + 0.164i = q¯b, while we find νK = 0 by definition (12). Then, we
scale down this q¯ by taking q¯ = 0.75q¯b, thus abandoning relation (20). The ensuing
P(ξ; q) has 3 zeros in the first Riemann sheet with N+ = 0 and N− = 3, and only 1
zero in the second Riemann sheet with N+∗ = 1 (and N
−
∗ = 0). By (12) we directly
find νK = −1, in agreement with formula (19).
Appendix B. On the asymptotics of Q±(ξ) for large |ξ|
In this appendix, we sketch the derivation of asymptotic formulas for the split functions
Q±(ξ), which are defined by (14), as ξ →∞ (cf. [22]).
Let us focus on Q+(ξ) for Im ξ > 0. By the change of variable χ = ξ
′/ξ, we write
Q+(ξ) =
1
2pii
∫ ∞e−i arg ξ
0
χ[Q(ξχ)−Q(−ξχ)] + [Q(ξχ) +Q(−ξχ)]
χ2 − 1 dχ.
By considering χ as fixed, we write
Q(ξχ)−Q(−ξχ) = ln

1 + iωµσxxξ
2k20
(χ−ξ+/ξ)(χ−ξ−/ξ)√
χ2+q2/ξ2
1 + iωµσxxξ
2k20
(χ+ξ+/ξ)(χ+ξ−/ξ)√
χ2+q2/ξ2
 = Q1(ξχ),
noting that this Q1(ξχ) is O(ξ−1) as ξ →∞. In a similar vein, we have
Q(ξχ) +Q(−ξχ) = 2 ln
(
iωµσxxξ
2k20
χ
)
+Q2(ξχ),
Q2(ξχ) = O(1/ξ) as ξ →∞.
By use of the above formulas in the integral for Q+(ξ), we directly find
Q+(ξ) =
1
2
ln
(
ωµσxxξ
2k20
)
+O
(
ln ξ + 1
ξ
)
as ξ →∞ (Im ξ > 0).(B.1)
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By reflection through the real axis in the ξ-plane, we assert that, for Im ξ < 0,
Q−(ξ) =
1
2
ln
(
−ωµσxxξ
2k20
)
+O
(
ln ξ + 1
ξ
)
as ξ →∞. (B.2)
Appendix C. On the spectral theory for nonzero index νK
In this appendix, we formally present the mathematical theory for the nonzero index
νK , defined by (12), that is associated with P(ξ) on the real axis (see also [24]).
Negative index, νK < 0. We will show that it is impossible to find q such that (9)
admits nontrivial integrable and continuous solutions. The starting point is functional
equation (10). The first task is to construct a function, Φ(ξ)P(ξ), with zero index
which replaces P(ξ). Subsequently, we follow the steps of section 3 for zero index.
Accordingly, define the function [24,25]
Φ(ξ) =
|νK |∏
j=1
(
ξ − z+j
ξ − p−j
)
(C.1)
where {z+j }|νK |j=1 and {p−j }|νK |j=1 consist of arbitrary points in the upper (+) and lower
(−) half planes. Notice that the index related to Φ(ξ) on R is equal to |νK |, and
Φ(ξ)→ 1 as ξ →∞. The former property implies that
Φ(ξ)P(ξ) has zero index on the real axis.
By analogy with section 3, we write Φ(ξ)P(ξ) = eQ+(ξ)eQ−(ξ) and then find suitable
functions Y±(ξ) such that P(ξ) = Y−(ξ)/Y+(ξ). Thus, (10) becomes
Y+(ξ)ϕ̂+(ξ) + Y−(ξ)ϕ̂−(ξ) =
ωµ
2k20
qσyx + ξσxx√
ξ2 + q2
Y+(ξ)ϕ0 (C.2)
for ξ in the real axis. By virtue of the Cauchy integral formula, we assert that
Q±(ξ) = ± 1
2pii
∫ ∞
−∞
ln[Φ(ξ′)P(ξ′)]
ξ′ − ξ dξ
′ (±Im ξ > 0). (C.3)
Furthermore, without loss of generality, we can take
Y−(ξ) = eQ−(ξ)
(|νK |∏
j=1
(ξ − z+j )
)−1
, Y+(ξ) = e
−Q+(ξ)
(|νK |∏
j=1
(ξ − p−j )
)−1
.
Alternate choices for Y±(ξ) are possible but yield the same final conclusion after
lengthier algebra. In view of Appendix B, we have Q±(ξ) = 12 ln ξ +O(1) as ξ →∞.
Next, we determine suitable split functions Λ±(ξ) such that
ωµ
2k20
qσyx + ξσxx√
ξ2 + q2
Y+(ξ)ϕ0 = −i[Λ+(ξ) + Λ−(ξ)].
A close inspection of the left-hand side by use of the definitions of Q±(ξ) entails
Λ+(ξ) =
C−
ξ − ξ−
[
Y−(ξ−)− Y+(ξ)
]− C+
ξ − ξ+
[
Y+(ξ)− Y+(ξ+)
]
,
Λ−(ξ) =
C+
ξ − ξ+
[
Y−(ξ)− Y+(ξ+)
]
+
C−
ξ − ξ−
[
Y−(ξ)− Y−(ξ−)
]
, (C.4)
where ξ± and C± are given by (15) and (16).
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Without further ado, from the functional equation for ϕ̂±(ξ) and the asymptotic
behavior of Λ±(ξ) and Q±(ξ) for large |ξ|, we derive the formulas
ϕ̂−(ξ) = −iΛ−(ξ)Y−(ξ)−1ϕ0, ϕ̂+(ξ) = −iΛ+(ξ)Y+(ξ)−1ϕ0. (C.5)
By using the formulas for Λ±(ξ) and Y±(ξ) we see that Λ+(ξ)Y+(ξ)−1 contains
O(ξ|νK |−1/2) and O(ξ|νK |−3/2) terms as ξ → ∞. In an effort to satisfy the limits
ϕ̂+(ξ) → 0 as ξ → ∞ and ϕ(x) → ϕ0 as x ↑ 0, we need to eliminate such terms. We
realize that it is impossible to do so unless ϕ0 = 0 (which yields the trivial solution).
Positive index, νK > 0. We show that, for any given ω, (9) may in principle admit
nontrivial integrable and continuous solutions if q lies in some region of the complex
plane that is compatible with the prescribed νK . We start with the construction of a
function, Φ(ξ)P(ξ), of zero index and then describe ϕ(x) in the spirit of section 3.
Define the function [24,25]
Φ(ξ) =
νK∏
j=1
(
ξ − z−j
ξ − p+j
)
(C.6)
where {z−j }νKj=1 and {p+j }νKj=1 are formed by arbitrary points in the lower (−) and upper
(+) half planes. Hence, the index related to Φ(ξ) on R is equal to −νK , which means
that Φ(ξ)P(ξ) has zero index on R. By writing Φ(ξ)P(ξ) = eQ+(ξ)eQ−(ξ), where Q±(ξ)
are given by (C.3), we need to find Y±(ξ) such that P(ξ) = Y−(ξ)/Y+(ξ). Without
loss of generality, minimizing the algebra without affecting the final conclusion, we set
Y−(ξ) = eQ−(ξ)
νK∏
j=1
(ξ − p+j ), Y+(ξ) = e−Q+(ξ)
νK∏
j=1
(ξ − z−j ).
Functional equation (10) then becomes of form (C.2) with the above choices of Y±(ξ).
Next, we determine split functions Λ±(ξ) for the right-hand side of (C.2). Thus,
formulas (C.4) are recovered for the present case. By our choice for Y±(ξ), we have
Λ+(ξ) = O(ξνK−3/2), Λ−(ξ) = O(ξνK−1/2) as ξ →∞.
The rearrangement of terms in the functional equation for ϕ̂±(ξ) gives
Y+(ξ)ϕ̂+(ξ) + iΛ+(ξ)ϕ0 = −Y−(ξ)ϕ̂−(ξ)− iΛ−(ξ)ϕ0 (−∞ < ξ <∞).
By analytic continuation to complex ξ, we set the function of each side of the
last equation equal to an entire function, E(ξ). Taking into account the asymptotic
behaviors of Λ±(ξ) and Y±(ξ) as ξ →∞, and the integrability of ϕ(x), we see that
E(ξ) cannot grow as fast as ξνK−1/2 in the limit ξ →∞.
By Liouville’s theorem, we assert that E(ξ) is an (νK − 1)-th degree polynomial, viz.,
E(ξ) =
νK−1∑
j=0
cjξ
j
where the coefficients, cj , are viewed as arbitrary complex numbers. Thus, we obtain
ϕ̂∓(ξ) = −iΛ∓(ξ)Y∓(ξ)−1ϕ0 ∓ Y∓(ξ)−1E(ξ). (C.7)
The Fourier inversion of these formulas implies that ϕ(x) is expressed as a linear
superposition of suitable, independent functions with coefficients cj (j = 0, . . . , νK−1).
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We set cνK−1 = 0 to eliminate an unwanted divergence for ϕ(x) as x ↑ 0. Hence, E(ξ)
is a polynomial of degree νK − 2 (E = 0 identically if νK = 1). In fact, we find
lim
x↓0
(x↑0)
∫ ∞
−∞
eiξxY∓(ξ)−1E(ξ) dξ =
∫ ∞
−∞
Y∓(ξ)−1E(ξ) dξ = 0,
by closing the integration path in the lower (−) or upper (+) half plane where Y∓(ξ)−1
is analytic. Thus, the second term on the right-hand side of (C.7) does not affect ϕ(0).
It remains to show that limx↑0 ϕ(x) = ϕ0 = limx↓0 ϕ(x) without any further
condition on q. After some algebra for limx↑0 ϕ(x), we encounter the expression
lim
x↑0
ϕ(x) = ϕ0
iωµσxx
2k20
[C+Y+(ξ+) + C−Y−(ξ−)] 1
2pii
∫ ∞
−∞
Y−(ξ)−1√
ξ2 + q2
ξ dξ
− ϕ0 iωµσxx
2k20
[C+Y+(ξ+)ξ− + C−Y−(ξ−)ξ+] 1
2pii
∫ ∞
−∞
Y−(ξ)−1√
ξ2 + q2
dξ.
By use of the factorization P(ξ) = Y−(ξ)/Y+(ξ), we find
iωµσxx
2k20
Y−(ξ)−1√
ξ2 + q2
=
Y+(ξ)
−1 − Y−(ξ)−1
(ξ − ξ+)(ξ − ξ−) .
Hence, by application of the residue theorem, the limit in question is equal to
lim
x↑0
ϕ(x) = ϕ0
[C+Y+(ξ+) + C−Y−(ξ−)] [ξ+Y+(ξ+)−1
ξ+ − ξ− + ξ
−Y−(ξ
−)−1
ξ− − ξ+
]
− ϕ0
[C+Y+(ξ+)ξ− + C−Y−(ξ−)ξ+] [Y+(ξ+)−1
ξ+ − ξ− +
Y−(ξ−)−1
ξ− − ξ+
]
= ϕ0(C+ + C−) = ϕ0,
for any complex q allowed by the given value of νK . Similarly, one can show that
limx↓0 ϕ(x) = ϕ0, with no restriction on q. We leave the proof to the reader.
Appendix D. Long-wavelength expansion via Mellin transform
In this appendix, we outline a framework for the expansion of dispersion relation (20)
when |q| is sufficiently small, and derive (23). To this end, we formally apply the
Mellin transform technique, which is amenable to systematic calculations [49,50].
Recalling that q˘ = iωµσxxqsg(q)/(2k
2
0) with Re q 6= 0, define
f±(q˘) = ± 2piiQ±(ξ±)sg(q) =
∫ ∞
0
dζ
ζ2 − (α±)2
{
ζ
[
ln(1 + q˘A(ζ))
− ln(1 + q˘A(−ζ))]+ α±[ln(1 + q˘A(ζ)) + ln(1 + q˘A(−ζ))]}.
Note that the mapping q → −q implies f± → f∓ whereas q˘ is unchanged. Let us take
Re q > 0. For later algebraic convenience, consider q˘ > 0. We analytically continue
the results to complex q˘ in the end. The Mellin transform of f±(q˘) is defined by
f˜±(s) =
∫ ∞
0
q˘−sf±(q˘) dq˘, α1 < Re s < α2, (D.1)
where α1,2 are such that the integral converges. The inverse Mellin transform is
f±(q˘) =
1
2pii
∫ γ+i∞
γ−i∞
f˜±(s)q˘s−1 ds (α1 < γ < α2). (D.2)
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This technique works if, for example, the asymptotic expansion of f±(q˘) as q˘ → 0
consists of terms of the form q˘`(ln q˘)m for positive integers m and `. These terms can
be extracted from (D.2) via the shift of the integration path to the right and collection
of residues of f˜±(s)q˘s−1 at poles located in {s ∈ C : Re s ≥ α2}.
We carry out this task to low orders in q˘ by use of the gamma function, Γ(w) [52].
After some algebra, we obtain
f˜±(s) =
Γ(2− s)Γ(s− 1)
s− 1
∫ ∞
0
dζ
ζ2 − (α±)2
{
ζ
[
A(ζ)s−1 −A(−ζ)s−1]
+ α±
[
A(ζ)s−1 +A(−ζ)s−1]}, 1 < Re s < 2. (D.3)
This f˜±(s) is meromorphic, with poles at s = n ∈ Z in the s-plane. For our purpose
of deriving an expansion for f±(q˘) if |q˘| is small, only the poles of f˜±(s) at s = 2, 3, . . .
are relevant. By expanding f˜±(s) around the double pole at s = 2, we have
f˜±(s) ∼ 21 + 

{[− α∓ + (α+ + α−)]∫ ∞
0
ζ1−
ζ2 − (α±)2 dζ
+ α∓
∫ ∞
0
(
ζ
ζ2 − (α±)2 −
1√
1 + ζ2
)
dζ
}
,  = 2− s→ 0,
where Re(α±)2 < 0. By evaluating the requisite integrals for Re  > 0 [52], we obtain
f˜±(s)q˘s−1 ∼ 2q˘
{
−α
∓
2
−
[
α∓ ln
(
2
q˘
)
− α±
]
1

}
,  = 2− s→ 0.
By shifting the integration path and evaluating the residue at s = 2 in (D.2), we find
f±(q˘) ∼ −2q˘
{
α∓ ln
(
2
q˘
)
− α±
}
if |q˘|  1, Re q > 0, (D.4)
where any correction terms, not shown here, are due to the residues from poles of
f˜±(s) at s = 3, 4, . . .. If Re q < 0, the asymptotic formula for f±(q˘) results from (D.4)
by switching the + and − superscripts on the right-hand side. These formulas can be
analytically continued to complex values of q˘ via properties of the logarithm.
Expansion (23) follows from (D.4) and its counterpart for Re q < 0. To compute
higher orders in q˘, one can extract residues for f±(q˘) as s approaches poles at 3, 4, . . ..
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